We describe the breathing dynamics of the self-similar core and the oscillating tails of a dispersion-managed (DM) soliton. The path-averaged propagation equation governing the shape of the DM soliton in an arbitrary dispersion map is derived. The developed theory correctly predicts the locations of the dips in the tails of the DM soliton. A general solution of the propagation equation is presented in terms of chirped Gauss -Hermite orthogonal functions. © 1998 Optical Society of America OCIS codes: 260.2030, 320.5550. Dispersion management is a powerful technique for enhancing the performance of f iber communication links for non-return-to-zero, return-to-zero, and soliton transmission. Recent developments in optical f iber communications 1 -13 have demonstrated that dispersion management makes the properties of soliton transmission close to those of nonsoliton transmission. The dispersion-managed (DM) soliton is a new type of information carrier with many attractive properties (see, e.g., Refs. 2 -13 and references therein) combining features of the traditional fundamental soliton (soliton solution of the nonlinear Schrödinger equation) and the DM non-return-to-zero transmission. The main part of the DM soliton presents a self-similiar core 5,10,13 that can be described by the system of ordinary differential equations (ODE's) for the rms temporal width and the integral (average) chirp of the pulse.
Dispersion management is a powerful technique for enhancing the performance of f iber communication links for non-return-to-zero, return-to-zero, and soliton transmission. Recent developments in optical f iber communications 1 -13 have demonstrated that dispersion management makes the properties of soliton transmission close to those of nonsoliton transmission. The dispersion-managed (DM) soliton is a new type of information carrier with many attractive properties (see, e.g., Refs. 2 -13 and references therein) combining features of the traditional fundamental soliton (soliton solution of the nonlinear Schrödinger equation) and the DM non-return-to-zero transmission. The main part of the DM soliton presents a self-similiar core 5,10,13 that can be described by the system of ordinary differential equations (ODE's) for the rms temporal width and the integral (average) chirp of the pulse. 10 As was shown in Refs. 6 and 12, a DM soliton has oscillating tails that manifest themselves as non-self-similar modulations of the soliton profile during the compensation period. In this Letter we present a systematic method of describing the dynamics of both the self-similar core and the oscillatory tails of the DM soliton, using an orthogonal set of chirped Gauss -Hermite functions. The approach developed here can be useful in numerical modeling of the dynamics of arbitrary initial signals in DM communication systems, including chirped returnto-zero and non-return-to-zero formats. Our method both justifies the use of the rms momentum model 10 (and the similar variational approach), which assumes a self-similar core of the DM pulse, and presents a constructive way of estimating deviations of the results obtained by means of the ODE's approach from the exact numerically found waveform.
Pulse propagation down the DM optical transmission line is governed by the nonlinear Schrödinger equation with periodic coeff icients:
Here the propagation distance z, the time t, and the power of the electric f ield are normalized by dispersioncompensation period L, time parameter t 0 , and power parameter P 0 , respectively. Normalized chromatic dispersion d͑z͒ l 0 2 D͑z͒L͑͞4pc l t 0 2 ͒ d͑z͒ 1 ͗d͘ (here and below angle brackets mean averaging over one compensation period) presents a sum of a rapidly varying (over one compensation period) high local dispersion and a constant residual dispersion ͑͗d͘ , ,d͒. Here l 0 is the operating wavelength, c l is the speed of light, D is the dispersion coefficient, s is the nonlinear coeff icient, and g describes fiber loss. Periodic function c͑z͒ P 0 Ls exp͓22Lg͑z 2 z k ͔͒ (for z k # z , z k11 ) describes power decay owing to f iber loss and the lumped action of the amplif iers, which is accounted for through transformation of the pulse power at junctions corresponding to locations of amplifiers z k . Equation (1) possesses conserved quantity E R jAj 2 dt, which is the energy of the system. To obtain the path-averaged equation for slow evolution of the DM pulse (following Refs. 9 -11 and 13) we account for rapid self-similar dynamics (that occur because of large variations of the local dispersion) by applying the transformation
Here T and M are periodic solutions of the ODE's
Constant N 2 is determined by a condition of periodicity of T and M. Equations (3) describe the rapid selfsimilar dynamics of the main peak. Equations (3) were obtained by use of the so-called momentum methods, 10 considering evolution of the rms pulse characteristics: the temporal rms pulse width
the assumption that ͑≠͞≠x͒arg Q 0. The spectral rms pulse bandwidth can then be found from T int ͑z͒. Note that Eqs. (3) were f irst derived by means of the variational approach in Ref. 5 . The evolution of the transformed f ield Q͑x, z͒ (note that here no assumption about field Q is made) is given by
Since the system of the eigenfunctions of the harmonic oscillator is complete, we expand Q͑x, z͒, using the orthogonal normalized Gauss -Hermite functions Q͑x, z͒
Here H n ͑x͒ is the nth-order Hermite polynomial and the coeff icients B n ͑z͒ p T exp͓2il n R͑z͔͒ R 2`d xf n ͑x͒exp͑ 2 iMTx 2 ͒A͓z, xT ͑z͔͒͞N . We introduced into the expansion a factor exp͓iR͑z͒l n ͔ with dR͞dz d͑z͒͞T 2 ͑z͒ 2 ͗d͞T 2 ͘ to remove rapid oscillations in Eqs. (4) . Inserting this expansion into Eqs. (4), after scalar multiplication with f n we obtain a system of ODE's for the coefficients B n .
2 ͒ dx can be calculated analytically, it is possible to determine any S n, m and V m, l, k, n in the explicit form. Symmetrical integrals S n, m S m, n are S n, n n 1 0.5, S n, ͑n12͒ 0.5͓͑n 1 2͒ ͑n 1 1͔͒ 1/2 . The other S n, m are zero if m . n. Equation (5) can be averaged directly [in contrast with the master Eq. (1); see Refs. 5, 11, and 13 for details]:
Here the angle brackets mean averaging over the compensating period, and the coeff icients B n U n 1 h n 1 . . . then present a sum of slowly ͑U n ͒ and rapidly ͑h n ͒ varying parts ͑dh n ͞dz . . h n , ͗h n ͘ 0, and h n , , U n ).
The solution of the path-averaged equation with the form U n F n exp͑ikz͒, where F n is nondependent on z, presents the DM soliton for a given dispersion map. The derived Eq. (5) permits one to describe in a rigorous way the properties of DM solitons and more generally propagation of any input signal for an arbitrary (not necessarily strong) dispersion map. The advantage of this approach is that to obtain DM soliton one has to solve two ODE's [Eqs. (3)] and a set of algebraic equations for F n instead of solving nonlinear partial differential Eq. (1). Note that we also extend the result reported in Ref. 14, in which a similar set of functions was used for analysis of the linear propagation of chirped pulses. Without loss of generality we use in this illustration a symmetrical map for the lossless model studied in Ref. 3 . The evolution of T , M, and R over one period is shown in Fig. 1 . Solving Eq. (5), we obtain the expansion of the DM soliton in terms of chirped Gauss-Hermite functions. Consider, for instance, the DM soliton U n F n exp͑ikz͒, which is close to Gaussian in the core, assuming that F 0 . . F n for n fi 0. Such a soliton can occur in the case of strong dispersion management. Owing to symmetry, F 2k11 0 for any integer k. The two-mode model in Eq. (6) (F n 0 if n fi 0, 2) has an exact solution: F 0 2 2S 2, 0 ͞V 0, 0, 0, 2 2 p 2p , F 2 0. Therefore, the next (fourth) term in the expansion should be accounted for in the two-mode consideration. Figure 2 shows that the two-mode approximation with n 0, 4 already gives an excellent description of the central energy-containing part of the DM soliton (of course, to describe the dips one has to take into account the next modes). The left inset in Fig. 2 is a plot of the dependence of the coefficients jB n ͑z͒j 2 in the expansion of DM soliton on n taken at z 0. The right inset shows the dynamics over one period of the f irst four nonzero coefficients jB n j 2 . Any bell-shaped pulse will be represented by a limited number of terms in the expansion owing to rapid convergence, which makes such a basis useful in practical applications. The power distribution of the DM soliton in this limit has the form ͓F n jF n jexp͑iQ n ͔͒ jA͑z, t͒j 2 E T ͑z͒ Fig. 1 . Evolution of T , M , and R over one compensation period for the dispersion map d͑z͒ 6d 1 ͗d͘, with d 5 and ͗d͘ 0.15. The lossless model (in which the amplification distance is much shorter than the compensation period) is considered. Fig. 2 . Comparison of the two-mode approximation ͑n 0, 4͒ with the true shape of the DM soliton. Left inset, dependence of the coeff icients jB n ͑z͒j 2 in the expansion of the DM soliton on n taken at z 0. Right inset, dynamics over one period of the first four nonzero coefficients jB n j 2 . Fig. 3 . Evolution over one compensation period of the DM soliton shown on normal (left) and logarithmic (right) scales. In the leading order the dynamics is self-similar (left) and is given by Eqs. (3). In the right-hand plot it can be seen that dips appear at the beginning (end) and in the middle of the periodic cell.
The last term here is responsible for non-self-similar oscillations of the tails inside the compensation cell. Note that oscillating tails are always presented in the DM soliton even if the main peak is very close to the Gaussian shape. In Fig. 3 we show the evolution of the DM soliton during one section on normal (left) and logarithmic (right) scales. The left-hand plot demonstrates self-similar compression and recompression of the soliton described by Eqs. (3). On the logarithmic scale it can be seen that at the lines z 0 and z 0.5 there exist dips that correspond to the points at which the soliton power jA͑z, t͒j 2 approaches zero (and consequently, the logarithm of the power tends to minus inf inity). These dips, which were reported in Ref. 6 , occur in the non-self-similar tails of the DM soliton and correspond to the second term on the right-hand side of Eq. (7). It is remarkable that Eq. (7) gives a simple explanation of why the dips in this map appear only at the beginning (end) and in the middle of the compensation cell. The dips correspond to the points at which jA͑z, t͒j 2 0. Evidently, at these points of the minima a first derivative of jA͑z, t͒j 2 with respect to t and z must be zero. Evaluating the f irst derivative of the soliton power given by Eq. (7) with respect to z and taking into account the properties of Q n , we find that the derivative is zero only at the points at which dT ͞dz 0 and sin͓4mR͑z͒ 2 Q 2m ͔ 0 simultaneously. These conditions are satisf ied (for the map considered) at the beginning (end), z 0, and in the middle of the section, z 0.5. The spectral power density of the considered DM soliton can be presented as ͓Q 2m Q 2m 1 mp 1 m2 arctan͑2MT͔͒ 
Here j vT ͑͞1 1 4M 2 T 2 ͒ 1/2 . All characteristics of an arbitrary DM pulse can be expressed in terms of B n .
In conclusion, we have presented a direct method of describing the dynamics of both the self-similar core and the non-self-similar oscillating tails of a DM optical pulse. The path-averaged theory allows one to describe DM soliton properties by solving two ODE's and a set of algebraic equations. The theory developed here correctly predicts the appearance and the location of the dips in the oscillating tails. The proposed rapidly converging expansion of the DM pulse by use of the complete set of orthogonal chirped GaussHermite functions is useful in numerical simulations. This method can be applied to an arbitrary-shaped initial signal propagating down a DM f iber system.
